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Abstract
In the present work we find novel Newtonian gravity models in three spacetime dimensions. We
first present a Maxwellian version of the extended Newtonian gravity, which is obtained as the
non-relativistic limit of a particular U(1)-enlargement of an enhanced Maxwell Chern-Simons
gravity. We show that the extended Newtonian gravity appears as a particular sub-case. Then,
the introduction of a cosmological constant to the Maxwellian extended Newtonian theory is
also explored. To this purpose, we consider the non-relativistic limit of an enlarged symmetry.
An alternative method to obtain our results is presented by applying the semigroup expansion
method to the enhanced Nappi-Witten algebra. The advantages of considering the Lie algebra
expansion procedure is also discussed.
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1 Introduction
Non-relativistic (NR) geometry has been of particular interest in condensed matter systems
[1–8] and NR effective field theories [9–12]. In such geometric framework, there has been a growing
interest in studying NR gravity theories [13–27] which could be relevant in approaching realistic
theories.
An action principle of the Newtonian gravity has recently been presented in [28]. Such con-
struction has required to extend the so-called extended Bargmann algebra [29–35] with three
additional generators. Subsequently, a three-dimensional Chern-Simons (CS) formulation based
on this particular extension of the Bargmann algebra has been introduced in [36]. Such NR gauge
invariant theory has been denoted as extended Newtonian gravity and has been obtained as a
contraction of a bi-metric model being the sum of the Einstein gravity in the Lorentzian and
Euclidean signatures. The incorporation of a cosmological constant to the extended Newtonian
gravity has then been presented in [37] by introducing by hand a new NR symmetry called exotic
Newtonian algebra. The respective relativistic counterparts of the extended Newtonian gravity
and its exotic version have been recently studied in [38]. In particular, the authors of [38] showed
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that the extended Newtonian gravity model and the exotic one appear as NR limits of relativistic
CS gravity theories based on the co-adjoint Poincare´ and co-adjoint AdS algebra, respectively.
Another extension of the Bargmann algebra is given by the recently introduced Maxwellian
extended Bargmann (MEB) algebra allowing to construct a NR CS gravity action in presence of
a covariantly constant electromagnetic field [20] without cosmological constant. Such NR model
has been obtained as a NR limit of the [Maxwell]⊕ u(1) ⊕ u(1) ⊕ u(1) CS gravity. As in the
extended Bargmann case [35], the U(1) enlargement of the relativistic counterpart is crucial to
define a proper NR limit leading to a finite NR gravity action based on a non-degenerate bilinear
form. The relativistic Maxwell algebra has been introduced to describe a Minkowski background
in presence of a constant electromagnetic field [39–41]. Such symmetry and its generalizations
have been useful to recover standard General Relativity without cosmological constant as a limit
of CS and Born-Infeld (BI) gravity theories [42–46]. Let us also mention that supersymmetric
extensions of the Maxwell algebra found relevant applications in the development and study of
supergravity models (see, for instance, [47–51] and references therein). More recently, the dual
version of the Maxwell symmetry, denoted as Hietarinta-Maxwell [52], allowed to recover the
topological and minimal massive gravity theories. In particular, both of these massive gravity
theories appear as particular cases of a more general massive gravity arising from a spontaneous
breaking of a local symmetry in a CS gravity theory invariant under the Hietarinta-Maxwell
algebra [53].
One may then ask if the MEB gravity can admit a cosmological constant in a similar way to
the one based on the Newton-Hooke symmetry [54–61]. The answer to the question is affirmative.
Indeed, there is the enlarged extended Bargmann gravity (EEB) which reproduces the MEB one
in the vanishing cosmological constant limit ` → ∞ [23]. The EEB has been obtained as an
Ino¨nu¨-Wigner (IW) contraction [62,63] of the [AdS-Lorentz] ⊕ u(1)⊕ u(1)⊕ u(1) algebra in three
spacetime dimensions. The AdS-Lorentz (AdS-L, for short) algebra has been first introduced in
arbitrary spacetime dimensions as a semi-simple extension of the Poincare´ algebra in [64,65] and
has been useful to recover pure Lovelock theory [66,67] as a particular limit of CS and BI gravity
theories [68–70]. Moreover, supersymmetric extentions of the AdS-L algebra proved useful in the
context of supergravity (see [71–75] and references therein).
It is natural to address the question whether the extended Newtonian and its exotic version
admit a Maxwell generalization in three spacetime dimensions. The motivation to consider three-
dimensional CS gravity theories is twofold. First, CS formalism offers us a simple framework to
construct gauge invariant gravity actions. Second, three-dimensional geometry can be seen as an
interesting toy model to approach more difficult theories in higher dimensions. In this paper we
will show that a three-dimensional Maxwellian extended Newtonian (MENt) gravity theory can
be defined by generalizing the results obtained in [38]. In particular, the MENt algebra appears
as a NR limit of a particular enhancement of the Maxwell gravity enlarged with three u(1) gauge
generators. The introduction of a cosmological constant to the MENt theory is also explored by
defining a new NR gravity theory denoted as enlarged extended Newtonian (EEN) gravity which
is the NR version of an enhanced AdS-L algebra enlarged with three u(1) gauge generators.
2
Interestingly, we show that the MENt and EEN symmetries contain the MEB and EEB algebras
as sub-cases, respectively. Nevertheless, the respective novel NR CS actions do not contain the
MEB and EEB gravity actions as particular cases. This is mainly due to the problematic to define
a unique rescaling for the relativistic parameters of the invariant tensor. Such difficulty can be
overcame by considering the semigroup expansion (S-expansion) method [76]. In particular, we
show that the new NR symmetries presented here can alternatively been obtained as S-expansion
of the enhanced Nappi-Witten algebra introduced in [38]. Remarkably, the S-expansion procedure
not only allows us to obtain the MENt and EEN algebras but also provides us with the most
general non-degenerate invariant tensor for the respective NR algebras.
The organization of the paper is as follows: in Section 2, we briefly review the relativistic
Maxwell and AdS-L gravity theories in three spacetime dimensions. In Section 3, we present new
relativistic algebras enlarged with three u(1) generators which can be seen as enhancements of
the Maxwell and AdS-L symmetries. The respective CS actions based on the enhanced algebras
are also constructed. In Section 4, we present the Maxwellian version of the extended Newtonian
gravity. In particular, we introduce the MENt algebra as a NR limit of the [enhanced Maxwell]
⊕ u(1) ⊕ u(1) ⊕ u(1) algebra. The NR limit of the relativistic CS action is also considered. The
generalization of our results to the presence of a cosmological constant is explored in Section
5. A novel NR symmetry denoted as EEN algebra is introduced by considering the NR limit of
the [enhanced AdS-L] ⊕ u(1)⊕ u(1)⊕ u(1) algebra. We work out that the MENt gravity theory
appears as a flat limit ` → ∞ of the EEN one. In Section 6, we show that our results can
alternatively be obtained by considering the S-expansion method. Section 7 concludes our work
with some discussions about future developments.
2 Relativistic Maxwell and AdS-Lorentz gravity theories
In this section, we briefly review the three-dimensional relativistic Maxwell CS gravity [77–81]
and its generalization to the so-called AdS-Lorentz gravity [82–84]. The latter allows to include
a cosmological constant into the Maxwell CS gravity action.
The Maxwell algebra can be seen as an extension and deformation of the Poincare´ algebra
and it is spanned by the set of generators {JA, PA, ZA} which satisfy the following non-vanishing
commutation relations
[JA, JB] = ABCJ
C ,
[JA, PB] = ABCP
C ,
[JA, ZB] = ABCZ
C ,
[PA, PB] = ABCZ
C , (2.1)
where A,B,C = 0, 1, 2 are Lorentz indices which are lowered and raised with the Minkowski
metric ηAB = (−1, 1, 1) and ABC is the three-dimensional Levi Civita tensor which satisfy 012 =
−012 = 1. Here, JA correspond to the spacetime rotations, PA are the spacetime translations
and ZA are the so-called gravitational Maxwell generators.
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Such relativistic algebra admits the following non-vanishing components of the invariant tensor
of rank 2,
〈JAJB〉 = σ0ηAB ,
〈JAPB〉 = σ1ηAB ,
〈JAZB〉 = σ2ηAB ,
〈PAPB〉 = σ2ηAB , (2.2)
where σ0, σ1, and σ2 are arbitrary constants.
On the other hand, the gauge connection one-form A for the Maxwell algebra reads
A = WAJA + E
APA +K
AZA , (2.3)
where WA denotes the spin-connection, EA is the vielbein and KA is the gravitational Maxwell
gauge field. The corresponding curvature two-form is given by
F = RA (W ) JA +R
A (E)PA +R
A (K)ZA , (2.4)
with
RA (W ) := dWA +
1
2
ABCWBWC ,
RA (E) := dEA + ABCWBEC ,
RA (K) := dKA + ABCWBKC +
1
2
ABCEBEC . (2.5)
Here as well as in the sequel, the index “A” of WA, EA, KA in the parenthesis on the left-hand
side is understood in order to lighten the notation, meaning, in fact, RA (W ) = RA
(
WB
)
and so
on.
Considering the gauge connection one-form (2.3) and the non-vanishing components of the
invariant tensor (2.2) in the three-dimensional CS expression,
I =
k
4pi
∫ 〈
AdA+
2
3
A3
〉
, (2.6)
with k being the CS level of the theory related to the gravitational constant G, we find the
following relativistic CS gravity action for the Maxwell algebra [77–79]:
IMaxwell =
k
4pi
∫ [
σ0
(
WAdWA +
1
3
ABCWAWBWC
)
+ 2σ1EAR
A (W )
+σ2
(
TAEA + 2KAR
A (W )
) ]
, (2.7)
where TA = RA (E) denotes the torsion two-form. One can see that the CS action contains three
independent sectors proportional to σ0, σ1, and σ2. The gravitational Lagrangian [85] appears
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along the σ0 constant, while the Poincare´ Lagrangian given by the Einstein-Hilbert term is related
to the σ1 constant. On the other hand, the term proportional to σ2 contains a torsional term and
the gravitational Maxwell gauge field KA coupled to the gravitational gauge field. As mentioned
in [79], the presence of the additional gauge field KA modifies not only the asymptotic sector but
also the vacuum of the theory.
Interestingly, an enlarged relativistic algebra allows us to include a cosmological constant into
the Maxwell CS gravity theory. Such enlarged algebra is the so-called AdS-L algebra {JA, PA, ZA}
whose generators satisfy (2.1) along with
[ZA, ZB] =
1
`2
ABCZ
C ,
[PA, ZB] =
1
`2
ABCP
C , (2.8)
where ` is a length parameter related to the cosmological constant Λ. Naturally, the flat limit
` → ∞ reproduces the Maxwell algebra. One can see that the following redefinition of the
generators
JA = `
2ZˆA ,
PA = PˆA ,
ZA = JˆA − `2ZˆA , (2.9)
allows to rewrite the algebra given by (2.1) and (2.8) as the direct sum of the so (2, 2) and so (2, 1)
algebras.
The non-vanishing components of the invariant tensor for the AdS-L algebra are given by
(2.2) along with [84]
〈ZAPB〉 = σ1
`2
ηAB ,
〈ZAZB〉 = σ2
`2
ηAB . (2.10)
Then, considering the gauge connection one-form for the AdS-L algebra which coincides with the
Maxwell one (2.3) and the invariant tensor (2.2) and (2.10) into the general expression of the CS
action (2.6), we find the following three-dimensional relativistic CS action [84]:
IAdS-L =
k
4pi
∫ [
σ0
(
WAdWA +
1
3
ABCWAWBWC
)
+ σ1
(
2EAR
A(W ) +
2
`2
EAF
A(K) +
1
3`2
ABCEAEBEC
)
+ σ2
(
TAEA +
1
`2
ABCEAKBEC + 2KAR
A(W ) +
1
`2
KADWK
A +
1
3`4
ABCKAKBKC
)]
,
(2.11)
where we have defined the curvature FA(K) := DWK
A + 1
2`2
ABCKBKC , being DW the Lorentz
covariant derivative DWΘ
A = dΘA + ABCWBΘC . One can see that such relativistic symmetry
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not only introduces a comological constant term to the Einstein-Hilbert term but also includes
the gauge field KA along the σ1 constant. Furthermore, the term along σ2 is also modified by the
presence of the new commutation relations (2.8). Naturally, the vanishing cosmological constant
limit `→∞ reproduces the relativistic Maxwell CS gravity action (2.7).
NR versions of the Maxwell and the AdS-L algebras have been considered in [20,23,27,86,87]
and have required to consider U (1) enlargements in order to have well-defined finite NR CS
actions with non-degenerate bilinear forms. In particular, as shown in [20], the NR limit of the
[Maxwell] ⊕ u (1)3 algebra reproduces the MEB algebra. On the other hand, the EEB appears
as a NR limit of the [AdS-L] ⊕ u (1)3 algebra [23]. Such NR algebras are, as their relativistic
versions, related through a flat limit.
In what follows, we study new enhancements of the Maxwell and AdS-Lorentz algebras whose
IW contraction will lead us to novel NR algebras.
3 Enhanced Maxwell and AdS-Lorentz algebras and U (1) enlargements
In this section, we generalize the results presented in [38] to enlarged symmetries. In particu-
lar, we present new enhancements of the [Maxwell] ⊕ u (1)3 and [AdS-L] ⊕ u (1)3 algebras whose
NR limits shall be explored in the next section. We expect to find a Maxwellian version of the
Extended Newtonian gravity [36] and a generalization including a cosmological constant. The
explicit CS action for the relativistic enhancement symmetries is also constructed.
3.1 Enhanced Maxwell ⊕ u (1) ⊕ u (1) ⊕ u (1) algebra
A particular extension of the Maxwell algebra can be obtained by adding the set of generators
{SA, TA, VA} to the usual Maxwell ones {JA, PA, ZA}. Such extension satisfies the following
non-vanishing commutation relations
[JA, JB] = ABCJ
C , [JA, SB] = ABCS
C ,
[JA, PB] = ABCP
C , [JA, TB] = ABCT
C ,
[JA, ZB] = ABCZ
C , [SA, PB] = ABCT
C ,
[PA, PB] = ABCZ
C , [JA, VB] = ABCV
C ,
[SA, ZB] = ABCV
C , [TA, PB] = ABCV
C . (3.1)
Such algebra can be seen as an extension and deformation of the coadjoint Poincare´ algebra
studied in [38, 88, 89]. Interestingly, the commutation relations (3.1) can also be recovered as
an semigroup expansion (S-expansion) [76] of the Poincare´ algebra iso(2, 1) =
{
JˆA, PˆA
}
, whose
generators satisfy the non-vanishing commutation relations[
JˆA, JˆB
]
= ABC Jˆ
C ,[
JˆA, PˆB
]
= ABC Pˆ
C . (3.2)
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Indeed, let us consider S
(2)
E = {λ0, λ1, λ2, λ3} as the relevant semigroup whose elements satisfy
λαλβ =
{
λα+β if α+ β ≤ 3 ,
λ3 if α+ β > 3 ,
(3.3)
where λ3 = 0s is the zero element of the semigroup such that 0sλα = 0s. Then, one can
show that the enhanced Maxwell algebra (3.1) appears as a 0s-reduction of the expanded algebra
S
(2)
E ×iso(2, 1), where the expanded generators are expressed in terms of the Poincare´ ones through
the semigroup elements as
JA = λ0JˆA , SA = λ0PˆA ,
PA = λ1JˆA , TA = λ1PˆA ,
ZA = λ2JˆA , VA = λ2PˆA . (3.4)
Let us note that the possibility to obtain generalizations of the coadjoint Poincare´ algebra by
considering S
(N)
E -expansion of the iso(2, 1) algebra has first been discussed in [38]. In the present
analysis, we have shown that considering N = 2 allows to define an enhanced Maxwell algebra. As
we shall see in the next section, by considering a different semigroup, a new relativistic symmetry
will be obtained.
An interesting feature of the S-expansion method is that it immediately provides us with the
non-vanishing components of the invariant tensor of the expanded algebra in terms of the original
ones [76]. In particular, the non-vanishing components of the invariant tensor for the Poincare´
algebra are given by 〈
JˆAJˆB
〉
= ν0ηAB ,〈
JˆAPˆB
〉
= ν1ηAB . (3.5)
Thus, one can show that the enhanced Maxwell algebra admits the following invariant tensor:
〈JAJB〉 = µ0ηAB ,
〈JASB〉 = µ1ηAB ,
〈JAPB〉 = µ2ηAB ,
〈JATB〉 = 〈SAPB〉 = µ3ηAB ,
〈JAZB〉 = 〈PAPB〉 = µ4ηAB ,
〈JAVB〉 = 〈SAZB〉 = 〈TAPB〉 = µ5ηAB , (3.6)
where µ’s are arbitrary constants and are related to the Poincare´ constant as
µ0 = λ0ν0 , µ1 = λ0ν1 , µ2 = λ1ν0 ,
µ3 = λ1ν1 , µ4 = λ2ν0 , µ5 = λ2ν1 . (3.7)
Similarly to what happens in the MEB algebra, one can generalize the relativistic algebra by
including three U (1) generators given by Y1, Y2, and Y3. The inclusion of these U (1) generators in
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the case of the original Maxwell algebra assures to have a well-defined non-degenerate invariant
tensor after applying the NR limit. Although these additional U (1) generators act as central
charges in the relativistic algebra, their presence implies additional components of the invariant
tensor given by [20]
〈Y1Y1〉 = µ0 ,
〈Y1Y2〉 = µ2 ,
〈Y1Y3〉 = 〈Y2Y2〉 = µ4 . (3.8)
The non-vanishing components of the invariant tensor (3.6) and (3.8) define an invariant tensor
for the [enhanced Maxwell] ⊕ u (1)3 algebra.
The gauge connection one-form for the [enhanced Maxwell] ⊕ u (1)3 algebra now includes not
only three additional bosonic gauge fields, ΣA, LA and ΓA in (2.3) but also three extra U (1)
gauge field one-forms as
A = WAJA + E
APA +K
AZA + Σ
ASA + L
ATA + Γ
AVA + SY1 +MY2 + TY3 . (3.9)
The corresponding curvature two-form is given by
F = RA (W ) JA +R
A (E)PA +R
A (K)ZA +R
A (Σ)SA +R
A (L)TA +R
A (Γ)VA
+R (S)Y1 +R (M)Y2 +R (T )Y3 ,
where RA (W ), RA (E) and RA (K) are given by (2.5) and
RA (Σ) = dΣA + ABCWBΣC ,
RA (L) = dLA + ABCWBLC + 
ABCΣBEC ,
RA (Γ) = dΓA + ABCWBΓC + 
ABCΣBKC + 
ABCLBEC . (3.10)
Then, considering the gauge connection one-form (3.9) and the non-vanishing components of the
invariant tensor (3.6) and (3.8) in the general expression of the CS action (2.6), we find the
following relativistic CS action for the [enhanced Maxwell] ⊕ u (1)3 algebra:
Ienh-Maxwell⊕ u(1)3 =
k
4pi
∫ [
µ0
(
WAdWA +
1
3
ABCWAWBWC + SdS
)
+ 2µ1ΣAR
A (W )
+2µ2
(
EAR
A (W ) +MdS
)
+ 2µ3
(
LAR
A (W ) + EAR
A (Σ)
)
+µ4
(
TAEA + 2KAR
A (W ) +MdM + 2SdT
)
+2µ5
(
ΓAR
A (W ) + EAR
A (L) +KAR
A (Σ)− 1
2
ABCΣAEBEC
)]
,
(3.11)
where TA = DWE
A. It is interesting to note that the terms proportional to µ2 and µ3 re-
produce the CS action for the coadjoint Poincare´ algebra presented in [38]. In particular, the
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Einstein-Hilbert term appears along µ2. On the other hand, the term µ0 contains the usual
exotic Lagrangian [85]. The terms proportional to µ1, µ3, and µ5 contains new contributions to
the Maxwell CS gravity action given by the additional set of gauge fields. The non-degeneracy
of the invariant tensor implies that the gauge fields are dynamically determined by the vanishing
of every curvature (2.5) and (3.10) provided µ5 6= 0. In particular, the vanishing of RA (K) can
be seen as the constancy of the background electromagnetic field in flat spacetime.
As was discussed in [20], the inclusion of three extra U (1) gauge fields to the Maxwell algebra
allows to reproduce a non-degenerate invariant tensor at the NR level. Here, we shall see that
the addition of those U (1) gauge fields in the enhanced Maxwell algebra (3.1) will be crucial to
obtain a well-defined Maxwellian version of the extended Newtonian gravity.
3.2 Enhanced AdS-Lorentz ⊕ u (1) ⊕ u (1) ⊕ u (1) algebra
A cosmological constant term can be introduced to the [enhanced Maxwell] ⊕ u (1)3 gravity
theory by enlarging the algebra and introducing a length scale `. The new algebra can be seen as
an extension of the AdS-L algebra (2.1)-(2.8) by adding the set of generators {SA, TA, VA}. Such
extension satisfies the non-vanishing commutation relations (3.1) along with
[ZA, ZB] =
1
`2
ABCZ
C , [TA, ZB] =
1
`2
ABCT
C ,
[PA, ZB] =
1
`2
ABCP
C , [VA, PB] =
1
`2
ABCT
C ,
[VA, ZB] =
1
`2
ABCV
C . (3.12)
It is interesting to note that such enhanced AdS-L algebra can be rewritten as three copies of the
Poincare´ algebra, that is to say[
J±A , J
±
B
]
= ABCJ
±C ,
[
JˆA, JˆB
]
= ABC Jˆ
C ,[
J±A , P
±
B
]
= ABCP
±C ,
[
JˆA, PˆB
]
= ABC Pˆ
C , (3.13)
by considering the following redefinition of the generators:
JA = JˆA + J
+
A + J
−
A , SA = PˆA + P
+
A + P
−
A ,
PA =
1
`
(
J+A − J−A
)
, TA =
1
`
(
P+A − P−A
)
,
ZA =
1
`2
(
J+A + J
−
A
)
, VA =
1
`2
(
P+A + P
−
A
)
. (3.14)
The relativistic enhanced AdS-L algebra can also be written as the direct sum of the coadjoint
AdS algebra
{
J˜A, P˜A, S˜A, T˜A
}
defined in [38] and the Poincare´ algebra
{
JˇA, PˇA
}
by considering
the following redefinition:
JA = J˜A + JˇA , SA = S˜A + PˇA ,
PA = P˜A , TA = T˜A ,
9
ZA =
J˜A
`2
, VA =
S˜A
`2
. (3.15)
Although the relativistic algebra seems simpler in the form of three copies of the Poincare´ algebra
(3.13), we shall consider the basis {JA, PA, ZA, SA, TA, VA} since it allows to establish a well-
defined and evident vanishing cosmological constant limit ` → ∞ reproducing the enhanced
Maxwell algebra. As we shall see, the same behavior will be inherit to its NR version.
An alternative procedure to obtain the enhanced AdS-L algebra ((3.1) and (3.12)) is given
by the S-expansion method [76]. Indeed, let us consider S
(2)
M = {λ0, λ1, λ2} as the relevant
semigroup and the Poincare´ algebra iso(2, 1) as the original one. The semigroup elements satisfy
the following multiplication law:
λαλβ =
{
λα+β if α+ β ≤ 2 ,
λα+β−2 if α+ β > 2 .
(3.16)
Then, one can show that the enhanced AdS-L algebra given by (3.1) and (3.12) appears as a
S
(2)
M -expansion of the Poincare´ algebra where the expanded generators are expressed in terms of
the Poincare´ ones through the semigroup elements as
JA = λ0JˆA , SA = λ0PˆA ,
`PA = λ1JˆA , `TA = λ1PˆA ,
`2ZA = λ2JˆA , `
2VA = λ2PˆA . (3.17)
Then, following theorem VII.2 of [76], one can show that the non-vanishing components of the
enhanced AdS-L algebra can be expressed in terms of the Poincare´ ones. Thus, the invariant
tensor for the present relativistic algebra are given by (3.6) along with
〈ZAPB〉 = µ2
`2
ηAB ,
〈TAZB〉 = 〈VAPB〉 = µ3
`2
ηAB ,
〈ZAZB〉 = µ4
`2
ηAB ,
〈VAZB〉 = µ5
`2
ηAB . (3.18)
Naturally, the flat limit ` → ∞ reproduces the invariant tensor of the enhanced Maxwell one.
Analogously to the procedure to obtain the EEB algebra [23], one can generalize the relativistic
algebra by including three u (1) generators given by Y1, Y2, and Y3 which provide the following
non-vanishing components of the invariant tensor [23]:
〈Y1Y1〉 = µ0 , 〈Y2Y2〉 = µ4 ,
〈Y1Y2〉 = µ2 , 〈Y2Y3〉 = µ2
`2
,
〈Y1Y3〉 = µ4 , 〈Y3Y3〉 = µ4
`2
. (3.19)
The invariant tensor given by (3.6), (3.18), and (3.19) defines a non-degenerate invariant bilinear
form for the [enhanced AdS-L] ⊕ u (1)3 algebra.
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Then, considering the gauge connection one-form for the enhanced algebra which coincides
with the Maxwell one (3.9) and the non-vanishing components of the invariant tensor (3.6), (3.18),
and (3.8) in the general expression of the CS action (2.6), we find the following relativistic CS
action for the [enhanced AdS-L] ⊕ u (1)3 algebra:
Ienh-AdS-L⊕ u(1)3 = Ienh-Maxwell⊕ u(1)3 +
k
4pi`2
∫ [
2µ2
(
EAF
A (K) +
1
6
ABCEAEBEC +MdT
)
+ 2µ3
(
LAF
A (K)− 1
2
ABCEAEBLC + EAR
A (Γ) +
1
`2
ABCEAKBΓC
)
+ µ4
(
ABCEAKBEC +KADWK
A +
1
3`2
ABCKAKBKC + TdT
)
+ 2µ5
(
ΓAF
A (K) +
1
2
ABCEAEBΓC +
1
2
ABCKAΣBKC
+ ABCKALBEC
)]
, (3.20)
where
RA (Γ) = dΓA + ABCWBΓC + 
ABCΣBKC + 
ABCLBEC ,
FA (K) = DWK
A +
1
2`2
ABCKBKC . (3.21)
One can see that the terms proportional to µ2, µ3, µ4, and µ5 contain new contributions from
the new commutation relations (3.12) of the [enhanced AdS-L] ⊕ u (1)3 algebra. In particular, a
cosmological constant term is added to the µ2 term together with the gauge field K
A. Interest-
ingly, the flat limit `→∞ reproduces the relativistic [enhanced Maxwell] ⊕ u (1)3 gravity action.
As we shall see, the presence of the U (1) gauge fields will be essential to establish a well-defined
NR limit allowing us to accommodate a cosmological constant into the Maxwellian version of the
extended Newtonian gravity.
4 Maxwellian extended Newtonian gravity
In this section, we apply a NR limit to the previously introduced [enhanced Maxwell] ⊕ u (1)3
gravity theory in three spacetime dimensions. We show that the new NR algebra corresponds
to a Maxwellian version of the extended Newtonian algebra introduced in [36] and subsequently
studied in [37, 38]. The three-dimensional NR CS action based on this new symmetry is also
discussed.
4.1 Maxwellian extended Newtonian algebra and non-relativistic limit
A NR version of the [enhanced Maxwell] ⊕ u(1)3 algebra can be obtained through an IW
contraction. To this end, we consider a dimensionless parameter ξ and we express the relativistic
enhanced Maxwell generators as a linear combination of the NR ones (denoted with a tilde) as
J0 =
J˜
2
+ ξ2S˜ − ξ4B˜ , Ja = ξ
2
G˜a − ξ
3
2
B˜a ,
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P0 =
H˜
2
+ ξ2M˜ − ξ4Y˜ , Pa = ξ
2
P˜a − ξ
3
2
T˜a ,
Z0 =
Z˜
2
+ ξ2T˜ − ξ4W˜ , Za = ξ
2
Z˜a − ξ
3
2
V˜a ,
S0 = −ξ2S˜ , Sa = −ξG˜a − ξ3B˜a ,
T0 = −ξ2M˜ , Ta = −ξP˜a − ξ3T˜a ,
V0 = −ξ2T˜ , Va = −ξZ˜a − ξ3V˜a . (4.1)
On the other hand, one can express the u (1) generators Y1, Y2 and Y3 in terms of the NR
generators as
Y1 =
J˜
2
− ξ2S˜ + ξ4B˜ , Y2 = H˜
2
− ξ2M˜ + ξ4Y˜ , Y3 = Z˜
2
− ξ2T˜ + ξ4W˜ . (4.2)
After considering the contraction of the [enhanced Maxwell] ⊕ u(1)3 algebra (3.1) and the
limit ξ →∞, we find that the generators of the novel NR algebra satisfy the MEB algebra [20],[
J˜ , G˜a
]
= abG˜b ,
[
G˜a, G˜b
]
= −abS˜ ,
[
H˜, G˜a
]
= abP˜b ,[
J˜ , P˜a
]
= abP˜b ,
[
G˜a, P˜b
]
= −abM˜ ,
[
H˜, P˜a
]
= abZ˜b ,[
J˜ , Z˜a
]
= abZ˜b ,
[
G˜a, Z˜b
]
= −abT˜ ,
[
Z˜, G˜a
]
= abZ˜b ,[
P˜a, P˜b
]
= −abT˜ , (4.3)
along with [
J˜ , B˜a
]
= abB˜b ,
[
G˜a, B˜b
]
= −abB˜ ,
[
H˜, B˜a
]
= abT˜b ,[
J˜ , T˜a
]
= abT˜b ,
[
G˜a, T˜b
]
= −abY˜ ,
[
H˜, T˜a
]
= abV˜b ,[
J˜ , V˜a
]
= abV˜b ,
[
G˜a, V˜b
]
= −abW˜ ,
[
Z˜, B˜a
]
= abV˜b ,[
S˜, G˜a
]
= abB˜b ,
[
P˜a, B˜a
]
= −abY˜ ,
[
M˜, G˜a
]
= abT˜b ,[
S˜, P˜a
]
= abT˜b ,
[
P˜a, T˜b
]
= −abW˜ ,
[
M˜, P˜a
]
= abV˜b ,[
S˜, Z˜a
]
= abV˜b ,
[
Z˜a, B˜b
]
= −abW˜ ,
[
T˜ , G˜a
]
= abV˜b , (4.4)
where a = 1, 2, ab ≡ 0ab, ab ≡ 0ab.
The new NR algebra corresponds to a Maxwellian version of the so-called extended Newtonian
algebra [36] which we have denoted as MENt algebra. In particular, the MENt algebra contains
the MEB generators
{
J˜ , G˜a, S˜, H˜, P˜a, M˜ , Z˜, Z˜a, T˜
}
together with a set of additional generators{
T˜a, B˜a, V˜a, B˜, Y˜ , W˜
}
. As we shall see, the three central charges B˜, Y˜ , and W˜ , appearing in the
MENt algebra as a result of the NR limit, allows to have a non-degenerate bilinear form, thus
assuring the proper construction of a three-dimensional NR CS gravity action.
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4.2 Non-relativistic MENt Chern-Simons gravity action
The construction of a three-dimensional CS action based on this new NR symmetry requires
the non-vanishing components of the invariant tensor for the MENt algebra together with the
gauge connection one-form A = Aµdx
µ.
The MENt algebra can be equipped with the most general extended Newtonian non-vanishing
components of the invariant tensor [37],〈
S˜S˜
〉
=
〈
J˜B˜
〉
= −β0 ,〈
G˜aB˜b
〉
= β0δab ,〈
M˜S˜
〉
=
〈
H˜B˜
〉
=
〈
J˜ Y˜
〉
= −β1 ,〈
P˜aB˜b
〉
=
〈
G˜aT˜b
〉
= β1δab , (4.5)
along with 〈
M˜M˜
〉
=
〈
T˜ S˜
〉
=
〈
Z˜B˜
〉
=
〈
H˜Y˜
〉
=
〈
J˜W˜
〉
= −β2 ,〈
P˜aT˜b
〉
=
〈
G˜aV˜b
〉
=
〈
Z˜aB˜b
〉
= β2δab , (4.6)
where the relativistic parameters µ’s were rescaled as
µ0 = µ1 = −β0ξ4 , µ2 = µ3 = −β1ξ4 , µ4 = µ5 = −β2ξ4 . (4.7)
In particular, β0 is related to an exotic sector of the extended Newtonian gravity [37]. Further-
more, the MENt algebra also admits the MEB non-vanishing components of the invariant tensor
given by [20] (see also [23]) 〈
J˜ S˜
〉
= −α0 ,〈
G˜aG˜b
〉
= α0δab ,〈
J˜M˜
〉
=
〈
H˜S˜
〉
= −α1 ,〈
G˜aP˜b
〉
= α1δab ,〈
J˜ T˜
〉
=
〈
H˜M˜
〉
= −α2 .〈
G˜aZ˜b
〉
=
〈
P˜aP˜b
〉
= α2δab , (4.8)
which can be obtained by setting µ0 = µ2 = µ4 = 0 and considering the following rescaling of the
relativistic parameters µ’s:
µ1 = −α0ξ2 , µ3 = −α1ξ2 , µ5 = −α2ξ2 . (4.9)
Nevertheless, at the level of the MENt algebra, the invariant tensor (4.8) alone results to be
degenerate. On the other hand, putting (4.5), (4.6), and (4.8) all together one would obtain a
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non-degenerate bilinear form. However, we observe that (4.5), (4.6), and (4.8) pertain to two
different NR limits. Thus, in the sequel we will construct a CS action based on the MENt algebra
by exploiting the components given by (4.5) and (4.6) which describe non-degenerate invariant
tensor for the MENt algebra. As we shall see in Section 6, the complete set of invariant tensor
given by (4.5), (4.6), and (4.8) can alternatively be obtained through the S-expansion procedure
allowing to write the most general CS action based on the MENt algebra.
The gauge connection one-form A for the MENt algebra reads
A = τH˜ + eaP˜a + ωJ˜ + ω
aG˜a + kZ˜ + k
aZ˜a +mM˜ + sS˜ + tT˜ + t
aT˜a + b
aB˜a
+vaV˜a + bB˜ + yY˜ +$W˜ . (4.10)
The curvature two-form F = dA+ 12 [A,A] is given by
F = R (τ) H˜ +Ra
(
eb
)
P˜a +R (ω) J˜ +R
a
(
ωb
)
G˜a +R (k) Z˜ +R
a
(
kb
)
Z˜a
+R (m) M˜ +R (s) S˜ +R (t) T˜ +Ra
(
tb
)
T˜a +R
a
(
bb
)
B˜a +R
a
(
vb
)
V˜a
+R (b) B˜ +R (y) Y˜ +R ($) W˜ , (4.11)
where the explicit definition of every curvature can be found in Appendix A.
A CS gravity action based on the MENt algebra can be constructed by combining (4.5) and
(4.6) with the gauge connection 1-form (4.10), and it reads, up to boundary terms, as follows:
IMENt =
k
4pi
∫ {
β0
(
baR
a
(
ωb
)
+ ωaR
a
(
bb
)
− 2bR (ω)− sds
)
+2β1
(
eaR
a
(
bb
)
+ taR
a
(
ωb
)
− yR (ω)−mR (s)− τR (b)
)
+β2
[
eaR
a
(
tb
)
+ taR
a
(
eb
)
+ kaR
a
(
bb
)
+ baR
a
(
kb
)
+ vaR
a
(
ωb
)
+ ωaR
a
(
vb
)
− 2bR (k)− 2$R (ω)− 2yR (τ)− 2tds−mdm
]}
. (4.12)
The CS gravity action (4.12) is invariant under the MENt algebra given by (4.3) and (4.4) by
construction, and it is split into three different independent terms. In particular, the term propor-
tional to β0 corresponds to an exotic sector of the extended Newtonian gravity term introduced
in [37] which can be obtained as a NR limit of an U(1)-extension of the exotic Einstein term [85].
The term proportional to β1 is the standard extended Newtonian gravity action presented in [36].
On the other hand, the piece proportional to β2 contains some terms appearing in the CS action
invariant under the exotic Newtonian algebra1 introduced in [37], together with some completely
new terms.
It is interesting to note that an enhancement of the Maxwell algebra allows to construct a
Maxwellian version of the extended Newtonian gravity containing known NR gravity theories as
sub-cases. Although the field content is bigger than the extended Newtonian one, the present
1Also known as enhanced Bargmann-Newton-Hooke algebra [38].
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NR theory does not contain a cosmological constant term. As we shall see in the next section, in
order to accommodate a cosmological constant to (4.12), it is necessary to consider a different NR
algebra which can be obtained as an IW contraction of the relativistic [enhanced AdS-L] ⊕u(1)3
algebra. The NR limit and a possible vanishing cosmological constant limit are not the only ways
to obtain the present MENt gravity theory. Indeed, as we shall show, the MENt algebra and its
most general invariant tensor can alternatively be found using the semigroup expansion method.
The non-degeneracy of the invariant tensor has allowed to achieve a well-defined NR CS
gravity action whose equations of motion are given by the vanishing of all the curvatures (4.11).
The CS action (4.12) can equivalently be obtained as NR limit of (3.11). To see this, one
shall express the relativistic enhanced Maxwell 1-form fields as a linear combination of the NR
ones as
W 0 = ω +
1
2ξ2
s− 1
2ξ4
b , W a =
1
ξ
ωa − 1
ξ3
ba ,
E0 = τ +
1
2ξ2
m− 1
2ξ4
y , Ea =
1
ξ
ea − 1
ξ3
ta ,
K0 = k +
1
2ξ2
t− 1
2ξ4
$ , Ka =
1
ξ
ka − 1
ξ3
va ,
Σ0 = − 1
ξ2
s , Σa = − 1
2ξ
ωa − 1
2ξ3
ba ,
L0 = − 1
ξ2
m, La = − 1
2ξ
ea − 1
2ξ3
ta ,
Γ0 = − 1
ξ2
t , Γa = − 1
2ξ
ka − 1
2ξ3
va . (4.13)
and the gauge fields dual to the u(1) generators Y1, Y2, and Y3 (namely S, M , and T , respectively)
as
S = ω − 1
2ξ2
s+
1
2ξ4
b , M = τ − 1
2ξ2
m+
1
2ξ4
y , T = k − 1
2ξ2
t+
1
2ξ4
$ . (4.14)
Then, substituting back (4.13) and (4.14), together with (4.7), in (3.11), omitting boundary terms
and taking the limit ξ →∞, one precisely recovers (4.12).
Finally, one can see that each independent term of the action (4.12) is invariant under the
gauge transformation laws δA = dλ+ [A, λ], being
λ = ΛH˜ + ΛaP˜a + ΩJ˜ + Ω
aG˜a + κZ˜ + κ
aZ˜a + χM˜ + ςS˜ + piT˜ + pi
aT˜a + ρ
aB˜a
+νaV˜a + ρB˜ + γY˜ + %W˜ (4.15)
the gauge parameter. The gauge transformations of the theory can be found in Appendix B.
5 Enlarged extended Newtonian gravity and flat limit
In this section, we apply a NR limit to the [enhanced AdS-L] ⊕ u (1)3 algebra previously
introduced. We show that the new NR algebra can be seen as an enlargement of the extended
Newtonian algebra [36] (which we have denoted as EEN algebra) and reproduces the MENt
algebra (4.3)-(4.4) in the vanishing cosmological constant limit `→∞.
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5.1 Enlarged extended Newtonian algebra and non-relativistic limit
In the previous section we have constructed a Maxwellian version of the extended Newtonian
algebra by applying an Ino¨nu¨-Wigner contraction to the [enhanced Maxwell] ⊕ u (1)3 algebra
(3.1). In order to obtain a NR version of the [enhanced AdS-L] ⊕ u (1)3 algebra (where the latter
is given by (3.1) and (3.12)), we consider the same redefinitions of the relativistic generators as
in (4.1)-(4.2) which provides us with a well-defined ξ → ∞ limit. The new NR algebra is then
generated by the set of generators of the EEB algebra
{
J˜ , G˜a, S˜, H˜, P˜a, M˜ , Z˜, Z˜a, T˜
}
, a set of
additional generators
{
T˜a, B˜a, V˜a
}
, and three central charges given by B˜, Y˜ , W˜ . Such generators
satisfy the commutation relations (4.3)-(4.4) along with[
H˜, Z˜a
]
=
1
`2
abP˜b ,
[
P˜a, Z˜b
]
= − 1
`2
abM˜ ,
[
Z˜, P˜a
]
=
1
`2
abP˜b ,[
Z˜, Z˜a
]
=
1
`2
abZ˜b ,
[
Z˜a, Z˜b
]
= − 1
`2
abT˜ , (5.1)
and [
H˜, V˜a
]
=
1
`2
abT˜b ,
[
P˜a, V˜b
]
= − 1
`2
abY˜ ,
[
Z˜, T˜a
]
=
1
`2
abT˜b ,[
Z˜, V˜a
]
=
1
`2
abV˜b ,
[
Z˜a, T˜b
]
= − 1
`2
abY˜ ,
[
M˜, Z˜a
]
=
1
`2
abT˜b ,[
T˜ , P˜a
]
=
1
`2
abT˜b ,
[
Z˜a, V˜b
]
= − 1
`2
abW˜ ,
[
T˜ , Z˜a
]
=
1
`2
abV˜b . (5.2)
Note that the commutation relations (4.3) and (5.1) define a subalgebra corresponding to the
EEB algebra introduced in [23]. The novel non-relativistic algebra obtained here can be seen as
an enlargement of the extended Newtonian algebra, and we will denote it as EEN algebra. An
interesting feature of such NR algebra is given by the explicit presence of a scale ` which allows us
to accommodate a cosmological constant into the Maxwellian version of the extended Newtonian
gravity (4.3)-(4.4). Naturally, the vanishing cosmological constant limit ` → ∞ reproduces the
MENt algebra.
Let us note that the EEN algebra can be rewritten as three copies of the enhanced Nappi-
Witten algebra defined in [38]. Indeed, the EEN algebra can be written as[
J±, G±a
]
= abG
±
b ,
[
G±a , G
±
b
]
= −abS± ,
[
S±, G±a
]
= abB
±
b ,[
J±, B±a
]
= abB
±
b ,
[
G±a , B
±
b
]
= −abB± ,[
Jˆ , Gˆa
]
= abGˆb ,
[
Gˆa, Gˆb
]
= −abSˆ ,
[
Sˆ, Gˆa
]
= abBˆb ,[
Jˆ , Bˆa
]
= abBˆb ,
[
Gˆa, Bˆb
]
= −abBˆ , (5.3)
by considering the following redefinition of the generators:
J˜ = Jˆ + J+ + J− , H˜ = 1/` (J+ − J−) , Z˜ = 1/`2 (J+ + J−) ,
G˜a = Gˆa +G
+
a +G
−
a , P˜a = 1/` (G
+
a −G−a ) , Z˜a = 1/`2 (G+a +G−a ) ,
S˜ = Sˆ + S+ + S− , M˜ = 1/` (S+ − S−) , T˜ = 1/`2 (S+ + S−) ,
B˜a = Bˆa +B
+
a +B
−
a , T˜a = 1/` (B
+
a −B−a ) , V˜a = 1/`2 (B+a +B−a ) ,
B˜ = Bˆ +B+ +B− , Y˜ = 1/` (B+ −B−) W˜ = 1/`2 (B+ +B−) .
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On the other hand, a different redefinition of the generators of the EEN algebra can be considered.
In particular, the redefinition
J˜ = J + Jˆ , H˜ = H , Z˜ = 1/`2 J ,
G˜a = Ga + Gˆa , P˜a = Pa , Z˜a = 1/`2 Ga ,
S˜ = S + Sˆ , M˜ =M , T˜ = 1/`2 S ,
B˜a = Ba + Bˆa , T˜a = Ta , V˜a = 1/`2 Ba ,
B˜ = B + Bˆ , Y˜ = Y , W˜ = 1/`2B ,
allows to rewrite the EEN algebra (4.3), (4.4), (5.1), and (5.2) as the direct sum of the exotic
Newtonian algebra [37],
[J ,Ga] = abGb , [Ga,Gb] = −abS , [H,Ga] = abPb ,
[J ,Pa] = abPb , [Ga,Pb] = −abM , [H,Ba] = abTb ,
[J ,Ba] = abBb , [Ga,Bb] = −abB , [J , Ta] = abTb ,
[S,Ga] = abBb , [Ga, Tb] = abY , [S,Pa] = abTb ,
[M,Ga] = abTb , [Pa,Bb] = abY , [H,Pa] = 1
`2
abGb ,
[H, Ta] = 1
`2
abBb , [Pa,Pb] = − 1
`2
abS ,
[M,Pa] = 1
`2
abBb , [Pa, Tb] = − 1
`2
abB , (5.4)
and the enhanced Nappi-Witten algebra,[
Jˆ , Gˆa
]
= abGˆb ,
[
Gˆa, Gˆb
]
= −abSˆ ,
[
Sˆ, Gˆa
]
= abBˆb ,[
Jˆ , Bˆa
]
= abBˆb ,
[
Gˆa, Bˆb
]
= −abBˆ . (5.5)
The exotic Newtonian algebra has been recently introduced in [37] and subsequently studied
in [38] and allows us to accommodate a cosmological constant into the extended Newtonian
gravity theory. One can see that, as we have shown previously, the same behavior appears at the
relativistic level. Indeed the enhanced AdS-Lorentz algebra can also be rewritten as three copies
of the Poincare´ algebra and as the direct sum of the coadjoint AdS and Poincare´ algebra after
an appropriate redefinition of the generators. In particular, the enhanced Nappi-Witten algebra
(5.5) appears as an IW contraction of the Poincare´ ⊕ u (1) algebra, while the exotic Newtonian
algebra can be obtained as a NR limit of the coadjoint AdS algebra [38].
In what follows we present the NR CS action based on the EEN algebra (4.3), (4.4), (5.1), and
(5.2). Such basis is preferred in order to make clear the flat limit leading to the MENt gravity.
Furthermore, as we shall see, such basis present an alternative way to include a cosmological
constant into a three-dimensional NR CS gravity action diverse to the one discussed in [37].
5.2 Non-relativistic EEN Chern-Simons gravity action and flat limit
A well-defined CS action requires invariant non-degenerate bilinear form. Interestingly, the
presence of the central charges B˜, Y˜ , and W˜ assures to have a non-degenerate invariant tensor
17
for the EEN algebra. In particular, the non-vanishing components of the invariant tensor for the
EEN algebra are given by the MENt ones (4.5)-(4.6) along with〈
M˜T˜
〉
=
〈
Z˜Y˜
〉
=
〈
H˜W˜
〉
= −β1
`2
,〈
P˜aV˜b
〉
=
〈
Z˜aT˜b
〉
=
β1
`2
δab ,〈
T˜ T˜
〉
=
〈
Z˜W˜
〉
= −β2
`2
,〈
Z˜aV˜b
〉
=
β2
`2
δab , (5.6)
where the relativistic parameters µ’s have been rescaled as
µ0 = µ1 = −β0ξ4 , µ2 = µ3 = −β1ξ4 , µ4 = µ5 = −β2ξ4 . (5.7)
On the other hand, one can show that the EEN algebra can also admit the MEB invariant tensor
(4.8) along with 〈
H˜T˜
〉
=
〈
Z˜M˜
〉
= −α1
`2
,〈
P˜aZ˜b
〉
=
α1
`2
δab ,〈
Z˜T˜
〉
= −α2
`2
,〈
Z˜aZ˜b
〉
=
α2
`2
δab , (5.8)
when we set µ0 = µ2 = µ4 = 0 and consider the following rescaling of the relativistic parameters
µ’s:
µ1 = −α0ξ2 , µ3 = −α1ξ2 , µ5 = −α2ξ2 . (5.9)
One can see that the components of the invariant tensor proportional to the α’s are the respective
components of the invariant tensor of the EEB algebra introduced in [23]. On the other hand,
those related to the β’s shall reproduce the enlarged extended Newtonian gravity action. As it was
discussed in the MENt case, the NR limit does not allow to have both types of invariant tensor.
In this section we shall focus on those proportional to the β’s constants allowing to construct a
novel NR CS action. In Section 6, we shall see that the complete set containing both the α’s and
the β’s constants appearing in the full invariant tensor can be properly obtained considering the
S-expansion method.
Although the gauge connection one-form A is the same than the MENt one, the corresponding
curvature two-form F is different due to the presence of new commutation relations involving the
` parameter. Indeed, the curvature two-form F reads
F = R (τ) H˜ + Rˆa
(
eb
)
P˜a +R (ω) J˜ +R
a
(
ωb
)
G˜a +R (k) Z˜ + Rˆ
a
(
kb
)
Z˜a
+Rˆ (m) M˜ +R (s) S˜ + Rˆ (t) T˜ + Rˆa
(
tb
)
T˜a +R
a
(
bb
)
B˜a + Rˆ
a
(
vb
)
V˜a
+R (b) B˜ + Rˆ (y) Y˜ + Rˆ ($) W˜ , (5.10)
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where the explicit expression of every curvature two-form is given in Appendix A.
A CS gravity action based on the EEN algebra can be constructed by combining (4.5)-(4.6)
and (5.6) with the gauge connection 1-form (4.10), and it reads, up to boundary terms, as follows:
IEEN =
k
4pi
∫ {
β0
[
baR
a
(
ωb
)
+ ωaR
a
(
bb
)
− 2bR (ω)− sds
]
+β1
[
eaR
a
(
bb
)
+ baRˆ
a
(
eb
)
+ taR
a
(
ωb
)
+ ωaRˆ
a
(
tb
)
− 2yR (ω)− 2bR (τ)− 2mds
+
1
`2
(
taRˆ
a
(
kb
)
+ vaRˆ
a
(
eb
)
+ eaRˆ
a
(
vb
)
+ kaRˆ
a
(
tb
)
− 2yR (k)− 2$R (τ)− 2mdt
)]
+β2
[
eaRˆ
a
(
tb
)
+ taRˆ
a
(
eb
)
+ kaR
a
(
bb
)
+ baRˆ
a
(
kb
)
+ vaR
a
(
ωb
)
+ωaRˆ
a
(
vb
)
− 2bR (k)− 2$R (ω)− 2yR (τ)− 2tds−mdm
+
1
`2
(
vaRˆ
a
(
kb
)
+ kaRˆ
a
(
vb
)
− 2$R (k)− tdt
)]}
. (5.11)
The CS action (5.11) is invariant under the EEN algebra by construction. One can notice, looking
also at (4.12), that there are three independent sectors proportional to the different coupling
constants β0, β1, and β2. The term proportional to β0 is exactly the same as in (4.12). On
the other hand, the terms proportional to β1 and β2 involve, besides the MENt contributions,
also new pieces. In the flat limit ` → ∞ of (5.11) we recover the MENt gravity action (4.12).
Observe that our construction gives an alternative way to include a cosmological constant into
the three-dimensional NR CS gravity action (4.12).
The non-degeneracy of the invariant tensor has allowed to achieve a well-defined CS gravity
action whose equations of motion are given by the vanishing of all the curvatures (A.1).
The CS action (5.11) we have just constructed can equivalently be obtained as NR limit of
the CS action (3.20) based on the [enhanced AdS-L] ⊕ u(1)3 algebra. Indeed, expressing the
relativistic enhanced AdS-L 1-form fields in (3.20) as a linear combination of the NR ones as in
(4.13) and the gauge fields S, M , and T as in (4.14), together with (5.7), and taking the limit
ξ →∞, one precisely recovers the NR CS action (5.11) for the EEN algebra.
Concluding, we can see that each independent term of the action (5.11) is invariant under the
gauge transformation laws δA = dλ+ [A, λ] with gauge parameter λ given by (4.15). Specifically,
the explicit gauge transformations of the theory are defined in Appendix B.
6 Non-relativistic algebras and semigroup expansion method
In this section, we present an alternative procedure to recover the new NR algebras previ-
ously introduced. In particular, we show that the MENt and EEN algebras can be alternatively
obtained by considering the S-expansion procedure. The Lie algebra expansion method has first
been introduced in [90] in the context of AdS superstring and then developed by considering the
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Maurer-Cartan equations in [91–93]. The expansion based on semigroups has then been intro-
duced in [76] and subsequently developed in [94–99]. The S-expansion consists in defining a new
expanded Lie algebra G = S × g, by combining the elements of the structure constants of a Lie
algebra g with the semigroup S. Such procedure provides us not only with the commutation
relations, but also with the complete set of non-vanishing components of the invariant tensor for
the expanded algebra. At the NR level, the Lie algebra expansion method has been used by
diverse authors leading to interesting results [100–105].
Here we shall consider the S-expansion of the enhanced Nappi-Witen algebra (5.5) formerly
discussed. The motivation to consider the enhanced Nappi-Witten algebra as the original algebra
is twofold. First, as was shown in [23,86], the S-expansion of the Nappi-Witten algebra allows us
to recover diverse NR algebras. Second, since the iso(2, 1)⊕ u(1) algebra can be used to obtain
the respective relativistic counterparts, it seems natural to expect the same behavior for the NR
version of the iso(2, 1)⊕ u(1) algebra, which is given by the enhanced Nappi-Witten algebra.
Let us first recall the enhanced Nappi-Witten algebra g, whose generators satisfy
[J,Ga] = abGb , [Ga, Gb] = −abS , [S,Ga] = abBb ,
[J,Ba] = abBb , [Ga, Bb] = −abB . (6.1)
This algebra appears as a particular IW contraction of the iso(2, 1) ⊕ u(1) algebra. Indeed, as
was mentioned in [38], one can write the relativistic Poincare´ and u (1) generators {JA, PA, Y1}
in terms of the enhanced Nappi-Witten ones as
J0 =
J
2
− ξ4B , Ja = ξ
2
Ga − ξ
3
2
Ba ,
P0 = −ξ2S − ξ4B , Pa = −ξGa − ξ3Ba ,
Y1 =
J
2
+ ξ4B . (6.2)
Then, the aforesaid algebra (6.1) is revealed after applying the limit ξ → ∞. Naturally, the
Nappi-Witten algebra [106,107] spanned by {J,Ga, S} appears as a subalgebra.
Let us now consider S
(2)
E = {λ0, λ1, λ2, λ3} as the relevant semigroup whose elements satisfy
the following multiplication law,
λαλβ =
{
λα+β if α+ β ≤ 3 ,
λ3 if α+ β > 3 ,
(6.3)
where λ3 = 0s is the zero element of the semigroup such that 0sλα = 0s. Then, after con-
sidering a 0s-reduction of the expanded algebra S
(2)
E × g (g being the enhanced Nappi-Witten
algebra), we find an expanded algebra spanned by the generators
{
J˜ , G˜a, S˜, H˜, P˜a, M˜ , Z˜, Z˜a, T˜
}
and
{
T˜a, B˜a, V˜a, B˜, Y˜ , W˜
}
which are related to the enhanced Nappi-Witten ones through the
semigroup elements as
J˜ = λ0J , H˜ = λ1J , Z˜ = λ2J ,
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G˜a = λ0Ga , P˜a = λ1Ga , Z˜a = λ2Ga ,
S˜ = λ0S , M˜ = λ1S , T˜ = λ2S ,
B˜a = λ0Ba , T˜a = λ1Ba , V˜a = λ2Ba ,
B˜ = λ0B , Y˜ = λ1B , W˜ = λ2B . (6.4)
Using the multiplication law of the semigroup (6.3) and the enhanced Nappi-Witten commutators
(6.1), one finds that the expanded generators satisfy the MENt algebra (4.3) and (4.4). Addi-
tionally, one can express the non-vanishing components of the invariant tensor of the S-expanded
algebra in terms of the original ones. Interestingly, considering the Theorem VII. of [76], one
can show that the non-vanishing components of the invariant tensor for the MENt algebra are
given not only by (4.5)-(4.6) but also by the MEB ones (4.8). This can be seen directly from the
invariant tensor of the enhanced Nappi-Witten algebra whose components are given by
〈JS〉 = −γ1 ,
〈GaGb〉 = γ1δab ,
〈SS〉 = 〈SB〉 = −γ2 ,
〈GaBb〉 = γ2δab . (6.5)
The expanded invariant tensor coming from 〈JS〉 and 〈GaGb〉 generate the non-vanishing compo-
nents of the invariant tensor for the MEB algebra proportional to α’s given by (4.8). In particular,
the α’s constants can be expressed in terms of γ1 as
α0 = λ0γ1 , α1 = λ1γ1 , α2 = λ2γ1 . (6.6)
The invariant tensor for the MENt algebra (4.5)-(4.6), proportional to the β’s, are obtained from
〈SS〉, 〈SB〉, and 〈GaBb〉 with
β0 = λ0γ2 , β1 = λ1γ2 , β2 = λ2γ2 . (6.7)
As we have previously discussed, both classes of invariant tensor can be obtained separately by
considering different NR limits. Although the complete set of invariant tensor (4.5)-(4.6) along
with (4.8) are non-degenerate for the MENt algebra, they cannot be obtained simultaneously
considering a unique NR limit. Here, the semigroup expansion procedure provides us with both
components of the invariant tensor. In particular, the MEB ones are related to the γ1 appearing
in the invariant tensor of the enhanced Nappi-Witten algebra (6.5), while the MENt ones pro-
portional to the β’s have origin in γ2. Such feature is an additional advantage of considering the
semigroup expansion method in the NR context. In particular, as the MENt algebra (4.3)-(4.4),
the MENt CS gravity action constructed using the S-expansion procedure contains also the MEB
gravity action [20] as a sub-case.
It is interesting to note that the semigroup chosen is the same used to obtain the MEB algebra
from the Nappi-Witten algebra [23, 86]. Furthermore, as we have shown in Section 3, the same
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semigroup is used to obtain its respective relativistic algebra from the iso (2, 1) ⊕ u (1) algebra.
The fact that the same semigroup can be used in two diverse regimes has already appeared in
other contexts. Indeed, the same semigroup can be used to relate diverse finite- and infinite-
dimensional Lie (super)algebras [108–110] or higher-spin Lie algebras [111].
On the other hand, considering a different semigroup allows us to find a different NR algebra.
One can show that the EEN algebra can alternatively be obtained by applying a S
(2)
M -expansion
of the enhanced Nappi-Witten algebra. Indeed, considering the multiplication law of the S
(2)
M =
{λ0, λ1, λ2} semigroup given by
λαλβ =
{
λα+β if α+ β ≤ 2 ,
λα+β−2 if α+ β > 2 ,
(6.8)
one obtains an S-expanded algebra whose generators are related to the enhanced Nappi-Witten
ones as in (6.4) and satisfy the EEN algebra (4.3), (4.4), (5.1), and (5.2). Furthermore, considering
the Theorem VII. of [76], one can show that the non-vanishing components of the invariant tensor
for the EEN algebra are given not only by (5.6) but also by the EEB ones (5.8). As discussed in
previous sections, both of the invariant tensors cannot be obtained from a unique NR limit. Here,
the S-expansion gives us the complete set of invariant tensors considering only one semigroup,
and allowing to write an EEN CS gravity action containing the EEB gravity [23] as a sub-case.
In particular, the arbitrary constants α’s and β’s are related to the original ones as in (6.6) and
(6.7), respectively.
As an ending remark, let us mention that one could obtain new NR algebras by expanding
the enhanced Nappi-Witten algebra using the same semigroup used to obtain their respective
relativistic algebras from the iso (2, 1) ⊕ u (1) algebra. It would be interesting to extend the
present results to supersymmetric extensions of NR gravity theories.
7 Discussion
In this work we have presented a Maxwellian version of the three-dimensional extended New-
tonian gravity theory introduced in [36]. We have shown that the MENt algebra appears as
an IW contraction of the [enhanced Maxwell] ⊕ u(1)⊕ u(1)⊕ u(1) algebra. The additional U(1)
gauge fields are necessary to have a finite and non-degenerate invariant tensor allowing the proper
construction of a NR CS action. Furthermore, we have also applied the NR limit at the level of
the CS action. We have then extended our results to accommodate a cosmological constant in
the MENt gravity theory. To this end we have presented a new NR symmetry which can be seen
as an enlargement of the extended Newtonian algebra and we have denoted it as EEN algebra.
Such novel NR symmetry can be rewritten either as three copies of the enhanced Nappi-Witten
algebra defined in [38] or as the direct sum of the exotic Newtonian algebra introduced in [37]
with the enhanced Nappi-Witten one.
We have also explored an alternative procedure to recover our results by considering the
semigroup expansion of the enhanced Nappi-Witten symmetry. In particular, we have shown
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that the same semigroup used to relate relativistic algebras can be adopted to reproduce their
NR counterparts. In addition, we have pointed out that the vanishing cosmological constant limit
appearing at the relativistic level is inherited in the NR version.
Figure 1: Expansions and limits
The S-expansion method has the advantage to provide not only the new Newtonian algebras
but also to reproduce the most general invariant tensor for the respective NR algebras. Interest-
ingly, the MENt and EEN gravity theories constructed with expanded invariant tensor contain
known extended Bargmann gravity actions as sub-cases. One can notice that the scenario graph-
ically displayed in Figure 1 also holds for the particular sub-cases. In particular, as was noticed
in [23], the MEB and the EEB algebras can alternatively be obtained as S-expansions of the
Nappi-Witten algebra.
Our results could be seen as a starting point for diverse studies. It would be interesting
to explore the extensions of our analysis to supergravity. Although the large amount of NR
gravity models, the supersymmetric extension of NR gravity theories has only been approached
recently [35,36,87,112–114] due to the difficulty to define a proper NR limit. One way to avoid such
problem could be through the S-expansion method considered here. Indeed, one could conjecture
that Figure 1 can be generalized to the presence of supersymmetry. The supersymmetric extension
of the Maxwellian extended Newtonian gravity and its exotic version shall be approached in a
future work.
It would be worth it to study the generalization of the results presented here to the ultra-
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relativistic regime. In particular, a Maxwellian version of the three-dimensional Carroll gravity
theory [115,116] could be constructed analogously to the MEB one. Then, a cosmological constant
could be accommodated in a very similar way to the one considered in the AdS-Caroll CS gravity
[117–119]. Another natural extension of our results is the generalization of the obtained NR
symmetries to four and higher spacetime dimensions.
Another point that deserves further investigation is the physical implications of the addi-
tional gauge fields appearing in the enhanced Maxwell and AdS-L gravity theories introduced
here. As it was discussed in [79], the additional gauge generator ZA appearing in the Maxwell
algebra influences not only the asymptotic sector but also its vacuum energy and vacuum angular
momentum. On the other hand, the boundary dynamics of the AdS-L CS gravity is described
by three copies of the Virasoro algebra [84]. One may then ask how the conserved charges and
solutions are modified by the presence of the additional set of relativistic generators {SA, TA, VA}.
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A Curvature two-forms
The curvature two-forms for the EEN algebra are given by
R (ω) = dω ,
Ra
(
ωb
)
= dωa + acωωc ,
R (τ) = dτ ,
Rˆa
(
eb
)
= dea + acωec + 
acτωc +
1
`2
acτkc +
1
`2
ackec ,
R (k) = dk ,
Rˆa
(
kb
)
= dka + acωkc + 
acτec + 
ackωc +
1
`2
ackkc ,
Rˆ (m) = dm+ aceaωc +
1
`2
aceakc ,
R (s) = ds+
1
2
acωaωc ,
Rˆ (t) = dt+ acωakc +
1
2
aceaec +
1
2`2
ackakc ,
Rˆa
(
tb
)
= dta + acωtc + 
acτbc + 
acsec + 
acmωc +
1
`2
acτvc +
1
`2
acktc
+
1
`2
acmkc +
1
`2
actec ,
Ra
(
bb
)
= dba + acωbc + 
acsωc ,
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Rˆa
(
vb
)
= dva + acωvc + 
acτtc + 
ackbc + 
acskc + 
acmec + 
actωc
+
1
`2
ackvc +
1
`2
actkc ,
R (b) = db+ acωabc ,
Rˆ (y) = dy + acωatc + 
acbaec +
1
`2
aceavc +
1
`2
ackatc ,
Rˆ ($) = d$ + acωavc + 
actaec + 
ackabc +
1
`2
ackavc . (A.1)
The vanishing cosmological constant limit ` → ∞ naturally reproduces the curvature two-forms
of the MENt algebra. In particular, in the flat limit, the curvature two-forms with an hat reduce
to the MENt ones (4.11).
B Gauge transformations
The gauge transformations for the EEN gauge fields are given by
δω = dΩ ,
δωa = dΩa + acωΩc − acΩωc ,
δτ = dΛ ,
δea = dΛa + acωΛc − acΩec + acτΩc − acΛωc + 1
`2
acτκc − 1
`2
acΛkc
+
1
`2
ackΛc − 1
`2
acκec ,
δk = dκ ,
δka = dκa + acωκc − acΩkc + acτΛc − acΛec + ackΩc − acκωc + 1
`2
kκc − 1
`2
κkc ,
δm = dχ+ aceaΩc − acΛaωc + 1
`2
aceaκc − 1
`2
acΛckc ,
δs = dς + acωaΩc ,
δt = dpi + acωaκc − acΩakc + aceaΛc + 1
`2
ackaκc ,
δta = dpia + acωpic − acΩtc + acτρc − acΛbc + acsΛc − acςec + acmΩc − acχωc
+
1
`2
acτνc − 1
`2
acΛvc +
1
`2
ackpic − 1
`2
κtc +
1
`2
acmκc − 1
`2
acχkc +
1
`2
actΛc − 1
`2
piec ,
δba = dρa + acωρc − acΩbc + acsΩc − acςωc ,
δva = dνa + acωνc − acΩvc + acτpic − acΛtc + ackρc − acκbc + acsκc − acςkc
+acmΛc − acχec + actΩc − acpiωc + 1
`2
ackνc − 1
`2
acκvc +
1
`2
actκc − 1
`2
acpikc ,
δb = dρ+ acωaρc − acΩabc ,
δy = dγ + acωapic − acΩatc + acbaΛc − acρaec + 1
`2
aceaνc − 1
`2
acΛavc
+
1
`2
ackapic − 1
`2
acκatc ,
δ$ = d%+ acωaνc − acΩavc + actaΛc − acpiaec + ackaρc − acκabc
+
1
`2
ackaνc − 1
`2
acκavc . (B.1)
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Let us note that, in the limit `→∞, (B.1) reproduces the gauge transformations for the MENt
gauge fields (4.10).
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